For a few decades, various methods of suppressing structural vibration have been proposed. The present study proposes and exploits an effective method of suppressing the vibration of cantilever plates similar to the solar panels of a satellite. Magnetically tuned mass dampers (mTMDs) are a tuned mass damper (TMD) with eddy current damping (ECD). We introduce the mTMD concept for the multimode vibration suppression of the cantilever plate. The design parameters of the mTMD are determined based on the parametric study of the theoretical four-degree-of-freedom model, which was derived for a cantilever plate with TMDs. Two TMDs are optimized for the first bending mode and first torsion mode of the plate, and they are verified analytically and experimentally. To increase the damping performance of the TMDs, ECD is introduced. Its damping ratios are estimated analytically and verified experimentally.
Introduction
The suppression of structural vibrations has significant applications in engineering fields such as machine tool industries, as well as with civil, automotive, and aerospace structures. Over the past few decades, significant research effort has been applied to suppressing vibrations in engineering structures and machines. Traditionally, passive methods have been used to attenuate structural vibrations. Recent advances in digital signal processing and sensor/actuator technology have resulted in a substantial focus on using active methods [1] . In addition, semiactive methods have filled the gap between the two.
Eddy currents are generated when a conducting plate moves in the stationary magnetic field or the magnetic field varies on the stationary conducting plate. The relative motion between the conducting plate and the magnetic field induces the eddy currents within the conducting plate. These currents induce their own magnetic field with the opposite polarity of the applied magnetic field so that the resistive electromagnetic force is generated. This electromagnetic force eventually disappears due to the electrical resistance and is proportional to the velocity of oscillating conductor. Hence the ECD can be allowed to function as a form of viscous damping.
A lot of studies on various applications utilizing eddy currents for damping dynamic systems have been developed in past decades [2] [3] [4] [5] [6] [7] [8] . Sodano and Bae [9] and Bae et al. [10, 11] have already presented a good literature review. Kwak et al. [12] introduced an eddy current damper (ECD) and applied it to the vibration suppression of a cantilever beam. Their experiments showed that an ECD was very effective for the vibration suppression of a cantilever beam. Bae et al. [13] developed a mathematical model for the ECD of Kwak et al. [12] . Using this model, they have investigated the ECD damping characteristics and performed the simulation of the vibration suppression of a cantilever beam with Kwak's ECD. Sodano et al. [14] [15] [16] proposed the new concept of ECD device to attenuate the vibration of a cantilevered beam. Cheng and Oh [17, 18] studied multimode vibration suppression using a permanent magnet and a coil with a shunt circuit for semiactive control.
Recently, Bae et al. [10] proposed using a magnetically tuned mass damper (mTMD), as shown in Figure 1 , to increase the damping performance of a conventional TMD by using eddy current damping (ECD). Their study used simulations and experiments to show that the proposed method significantly increased the damping performance of the TMD if not adequately tuned. Wang et al. [19] derived the theoretical formulation of ECD in a horizontal TMD. They constructed a large-scale horizontal TMD with ECD and investigated its characteristics experimentally. Yan et al. [20] proposed and studied the multimode vibration suppression method employing a permanent magnet stacked electromagnetic absorber with negative resistance and negative inductance negative resistance shunt impedances. They showed numerically that the proposed absorber could absorb the multimode vibration of a beam and provide considerable damping over a relatively wider bandwidth. Yan et al. [21] proposed an electromagnetic shunt damping vibration isolator consisting of a box-shaped spring, a permanent magnet, an electromagnet, and a shunt circuit. Their numerical results showed that the proposed isolator could attenuate the vibration of a plate considerably. Xie et al. [22] proposed and developed an electromagnetic shunt damping absorber (EMSDA) employing an electromagnetic shunt damping mechanism. They derived the theoretical model of the EMSDA and showed numerically and experimentally that the proposed absorber could suppress the structural vibration significantly. Zihao et al. [23] proposed a beam-like semiactive electromagnetic vibration absorber (EVA) consisting of a flexible ferromagnetic cantilever beam, a ferromagnetic mass, and an E-shaped electromagnet. Their numerical and experimental results showed that the proposed EVA effectively suppressed vibrations under both steady-state excitation and sweeping frequency excitation. Bae et al. [24] proposed a relatively lightweight TMD to attenuate the vibration of a large beam structure by introducing eddy current damping to a TMD. This method was an application of their previous work [10] . The experimental results showed that the proposed method was simple but effective in suppressing the vibration of a large beam structure without a substantial weight increase.
The lowest two modes of a cantilever plate are generally the first bending mode and the first torsion mode. Both modes could be important in the vibration suppression of the plate. The present study introduces the mTMD concept for the multimode vibration suppression of a plate. The fourdegree-of-freedom model of a cantilever plate with TMDs is employed for a theoretical analysis. Two TMDs are optimized for the first bending mode and first torsion mode of the plate, and they are verified analytically and experimentally. ECD is introduced to increase the damping performance of the TMDs. Its damping ratios are estimated analytically and verified experimentally.
Theoretical Analysis

Theoretical Modeling of a Multimode TMD.
The schematic of a multimode TMD with damping in both the base and adaptive mass system is shown in Figure 2 . From this schematic, the relative displacement between the base and each adaptive mass ( 1 and 2 ) is calculated using (1) . The rotational angle ( ) of the base is assumed to be small. (1)
To obtain the equations of motion from Lagrange's equation, the kinetic energy and the potential energy of the system can be written as
The generalized force can be defined as
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To verify the equation of motion, a comparison with the results of a commercial FEM program is carried out. The analysis is performed according to the mass ratio of the plate and TMD. Figure 3 shows the frequency results of the modeling and program, and it indicates that the two models are in good agreement with the error at 1%. Table 1 presents the properties and specifications used in the analysis.
Modeling of Eddy Current Damping.
A few concepts of the ECD devices are proposed by researchers in decades. The concept of the ECD used in the present study is presented in Figure 4 and is proposed by Sodano et al. [14] [15] [16] and Bae et al. [10] . The damping force ( ) in the (vertical) direction due to the eddy current in Figure 4 yields
where the details of (5) are referred to [10] . Figure 5 shows a TMD with ECD applied to a cantilever plate. This TMD with ECD is called a magnetically tuned mass damper (mTMD). The mTMD consists of a permanent magnet, a cantilevered beam, and a conducing plate of sheet. Two mTMDs are implemented via the attachment of an additive structure on both sides of the cantilever plate.
Cantilever Plate with Magnetically Tuned Mass Dampers.
One is used to suppress the first bending vibration, and the other is used to suppress the first torsional vibration. In terms of performance, TMDs offer excellent vibration absorption in a particular frequency range, but they are unsatisfactory outside of that range. In the present study, ECD is used to improve the performance of a TMD in a wide frequency range. In the present study, TMDs are first designed to suppress the vibrations of a cantilevered plate, and the vibration absorption performance is verified via experiments and simulations. ECD is subsequently applied to the TMDs to improve their performance, and the mTMDs are verified via experiments.
Numerical and Experimental Results
TMD Design Parameters.
Generally, as the mass ratio of the TMD mass to the primary mass increases, the damping performance of a TMD on the vibration of the primary structure becomes more effective. However, it causes the mass increase of the system. Therefore, it is necessary to limit the value of . Since the value of is practically assumed to be from 0.05 to 0.25 the largest value must be selected to improve TMD performance. When = 0.25 and = 0.01, the normalized magnitude of the primary structure for various and values is presented in Figure 6 . In Figure 6 (a), the TMD shows good vibration absorption performance at = 0.85, so this value is selected. Figure 6 (b) shows the normalized magnitude of the primary structure for various values, and it is known that an optimized damping ratio exists at which the performance of the vibration absorption reaches its maximum value.
However, the optimal parameters of the TMD change when multimode TMDs are employed. To determine the effects of absorber frequency, the mass ratios of two TMDs are fixed at 0.1. Figure 7 (a) shows the tendency according to frequency ratio. As the frequency ratio increases, the amplitude peak of the primary structure increases. Also, Figure 7 (b) shows that the frequency ratio is fixed at 0.9 for the parameter study. Changing the mass ratio causes the gap between peaks to increase.
When the mass ratio is 0.1, the frequency ratio of the TMD in terms of suppressing the bending vibration is 0.96. Figure 8 (a) shows the frequency response for this case. The TMD tuned for the bending mode affects the peak of the bending vibration, but the torsion vibration only changes the frequency of the peak; it does not diminish the amplitude. Figure 8(b) shows the frequency response when the frequency ratio for the torsion is 0.95.
Using optimal parameters for each TMD, the suppression performance tends not to be optimized due to the coupling effect. That is why additional tuning is required. Considering that the bending and torsion vibrations are suppressed optimally, the TMD frequency ratios are tuned at 1 = 0.91 and 2 = 0.92. Figures 9(a) and 9(b) show the frequency responses when TMDs are tuned individually and simultaneously, respectively. The damping performance of TMDs tuned for both bending and torsion is more excellent as shown Figure 9 (b).
TMD Experimental Setup and Results
Theoretical and Experimental
Results. First, mathematical modeling was verified in Section 2 before the TMD experiment. Figure 10 shows the experimental results for the frequency response function for the theoretical modeling of the plate. The boundary conditions of the two results are that the bottom of the plate is fixed and TMD (absorber) system is not installed.
The first and second natural frequencies obtained in theoretical modeling are 19.91 Hz and 44.95 Hz. And the mode natural frequencies obtained by the experiment are 19.96 Hz and 45.02 Hz, respectively. Since the error of each mode frequency is about 0.25%, 0.16%, which is less than 1%, the validity of mathematical modeling has been verified. Figure 11 shows the experimental setup with the TMDs attached to a plate. Acrylic connectors are used to construct the TMDs, and the mass is 5.8 g. For convenience, the plate is designated as the primary structure, the TMD tuned for bending vibrations is called the first TMD, and the TMD tuned for torsional vibrations is called the second TMD. The experiments are carried out on the basis of the design parameter = 0.1, and they are performed using a laser displacement sensor and impact hammer.
TMD Experimental Setup and Results.
The experiments are performed according to a series of procedures. To compare the results, the first vibration test is conducted only on the primary structure. In order to reduce the vibration for the bending mode, the first TMD is applied to the primary structure and the second TMD is applied to reduce the vibration for the torsional mode. Figure 12 shows the FRF results. The FRF of the primary structure is denoted using a black line for comparison with other results. In the first mode, which is the bending mode, the frequency is about 19.91 Hz. In the second mode, the torsion mode, the frequency is about 44.86 Hz. When only the first TMD is attached, the bending vibration is effectively attenuated at about 16.2 dB, but the torsional vibration is not suppressed. When only the second TMD is attached, similarly, only the torsional vibration is suppressed at about 16.19 dB. From these results, the vibration absorption performance of the TMDs is verified as being suitable for each mode. However, when the TMD is only applied for a single mode, the other mode is not affected.
In order to suppress the bending and torsion vibrations together, the first and second TMDs are applied simultaneously. Each TMD is seated on the basis of the design parameter of the optimized single mode. Figure 13 shows the FRF results. The FRF results in Figure 13 TMDs are not optimized because the coupling effect does not correspond with the peak values. Therefore, it can be seen that a new optimal design parameter is needed.
Using a new optimal parameter that considers the coupling effect, vibration tests are carried out repeatedly. The results are shown in Figure 13(b) . The bending vibration suppresses about 9.75 dB to 10.52 dB, and the torsional vibrations are attenuated at about 14.05 dB to 14.15 dB. Each TMDs is optimized and suppresses the vibrations effectively. Figure 14 shows the experimental setup of the mTMD using magnetic effects to improve the vibration absorption performance of the TMD. The conducting sheet is located in the magnetic field generated by a cylindrical permanent magnet used as a concentrated TMD mass.
Experimental Results and Simulations of Magnetically TMD.
The eddy currents circulate on the conducting sheet via the relative motion between the magnet and the conducting sheet. In addition, ECD can be generated. The thickness of the conducting sheet is 0.4 mm. The gap between the magnet and conductive sheet can be changed by using externally fixed blocks. Figure 15 shows the experimental results when the gap between the first TMD magnet and the conductive sheet is 3 mm and the second TMD's gap is 1 mm. From these results, it is known that the performance of the present mTMD surpasses that of the TMD. The mTMD shows excellent damping effects in a wide frequency range.
Effects of Gap on Magnetically TMD Performance.
As shown in Figure 16 , the theoretical results of the mTMD show how the gap between the magnet and the conductive sheet affects the performance of the vibration absorption of the mTMD. The gap size is reduced from 5 mm to 1 mm by moving fixed blocks between the magnet and the beam of the TMD during the experiments. To verify the damping effect according to the gap, first, the gap of the first TMD is fixed. The experiments are then performed for various gaps of the second TMD. The experiments are subsequently repeated with the same procedure after changing the gap of the first TMD. Figure 16 shows the FRF results for in each case. However, as shown in Figure 7 , TMD performance is not proportional to the damping ratio ( ), and the optimal value of the damping ratio is about 0.23. The optimal value of the gap size in the present mTMD system is 3 mm as shown in Figure 17 and Table 2 (the theoretical approach used to calculate the damping ratio of the mTMD will be presented in the next section.) Table 2 shows the degree of attenuation in dB of each order of natural frequency. Each datum in Table 2 represents the maximum reduction width. The 3 mm gap is chosen because it has the largest energy in the first bending mode, so the gap of the first TMD with the maximum reduction width is set at 3 mm. In addition, the gap of the second TMD shows a gradual decrease in the vibration reduction width when the first TMD gap is increased by 3 mm. Based on these results, it can be known that the gap of the TMDs optimized for vibration suppression performance are 3 mm and 1 mm, respectively.
Theoretical Analysis of mTMD Damping Coefficient.
Previous experiments confirm that the damping ratio of an mTMD can be controlled by changing the gap between the magnet and conductive sheet. These damping characteristics can be explained by (5) . Equation (5) calculates the amount of ECD force generated during the relative motion between the magnet and conductor, so the magnetic damping coefficient can be obtained by eliminating the term of velocity (V) in the equation. Regarding the various gap sizes from 1 to 5 mm, the magnetic coefficients calculated using (5) are presented in Table 3 . These results theoretically verify the fact that the decrease in the gap causes the magnetic damping coefficient to increase. This can be proven with experiments using only the mTMD. Table 3 compares the damping ratio between the experiments and theoretical analyses.
For the first TMD, the optimal value of the gap size in the simulation results (3 mm) is identical to the value in the experimental results. Figure 17 shows the damping ratio of the first mode for various gap sizes. The simulation and experimental results are in good agreement. From the results described above, the present method of calculating the magnetic damping coefficients can be verified.
Conclusions
The present study proposed the mTMD concept to suppress the multimode vibration of a cantilevered plate. The four-degree-of-freedom model is employed to theoretically describe the vibration of a cantilevered plate with TMDs. Two TMDs are optimized for the first bending mode and first torsion mode of the plate, and they are verified analytically and experimentally. ECD is introduced to increase the damping performance of the TMDs. The damping model of ECD in [10] is used to calculate the damping force of mTMD. Its damping ratios are estimated analytically and verified experimentally.
For the multimode vibration suppression, two mTMDs are introduced to the cantilevered plate. The damping performance of the plate with two mTMD is estimated analytically. To verify the analytical results, the experimental setup is constructed. The results show that the mTMDs to be optimized for both the bending and torsion modes could attenuate the multimode vibration of the plate efficiently in a wide frequency range. The gap size between the magnet and the conductor is one of important parameters to determine the damping ratio of ECD. The present estimations of the damping ratios for various gap sizes are in good agreement with the experimental results. 
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